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Abstract
Parametric families in the center Z(C[Sn]) of the group algebra of the symmet-
ric group are obtained by identifying the indeterminates in the generating function
for Macdonald polynomials as commuting Jucys-Murphy elements. Their eigenvalues
provide coefficients in the double Schur function expansion of 2D Toda τ -functions of
hypergeometric type. Expressing these in the basis of products of power sum symmet-
ric functions, the coefficients may be interpreted geometrically as parametric families of
quantum Hurwitz numbers, enumerating weighted branched coverings of the Riemann
sphere. Combinatorially, they give quantum weighted sums over paths in the Cayley
graph of Sn generated by transpositions. Dual pairs of bases for the algebra of symmet-
ric functions with respect to the scalar product in which the Macdonald polynomials
are orthogonal provide both the geometrical and combinatorial significance of these
quantum weighted enumerative invariants.
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1 Introduction: weighted Hurwitz numbers
A new method for constructing parametric families of 2D Toda τ -functions [28–30] of hyper-
geometric type [26] that serve as generating functions for various types of weighted Hurwitz
numbers was developed in [10–13,15]. This was originally inspired by the work of Pandhari-
pande [27] and Okounkov [25], which first used a special case of KP and 2D-Toda τ -functions
as generating functions for single and double for Hurwitz numbers when all branchings other
than the ones specified at one or two points rare equired to be simple, and the weighting for
these is uniform. The general case gives infinite parametric families of weighted enumera-
tions of n-fold branched coverings of the Riemann sphere or, equivalently, weighted paths in
the Cayley graph of the symmetric group Sn generated by transpositions. They are derived
from parametric families of weight generating functions by defining associated symmetric
functions of an arbitrary number of indeterminates multiplicatively. Replacing one set of in-
determinates in the Cauchy-Littlewood generating function [21] by the commuting elements
of the group algebra introduced by Jucys [16] and Murphy [22], while evaluating the other set
at parameter values defining the weightings provides parametric families of elements of the
center Z(C[Sn]) of the group algebra. Expanding these as sums over products of dual bases
of the algebra of symmetric functions, and applying them multipicatively to the basis of the
center of the group algebra consisting of cycle-type sums {Cµ} leads to an identification of
both the geometrical significance of the weighted Hurwitz numbers and the combinatorial
one.
It was shown in [10, 11, 15] that all previously studied examples of generating functions
for Hurwitz numbers [1–4, 8, 9, 17, 25, 27, 31] may be viewed as special cases of this general
construction, and several new examples were introduced, including three forms of quantum
Hurwitz number [11] and their multispecies generalization [12]. Other notions of weighted or
quantum Hurwitz numbers have also been considered, including those for branched coverings
of RP2, whose generating functions are BKP τ -functions [23, 24], and Hurwitz numbers
enumerating factorization of Singer cycles [20].
In the following, we extend the special class of weighted Hurwitz numbers introduced
in [10,11] by introducing an additional pair (q, t) of deformation parameters in the definition
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of the weight generating functions. The result is to replace the Cauchy-Littlewood formula,
which generates dual bases in the algebra of the symmetric functions with respect to the
standard scalar product pairing by the corresponding one for MacDonald polynomials [21].
In Section 2 the general method is developed, and used to derive an infinite parametric
family of 2D Toda τ -functions of hypergeometric type depending not only on the previously
introduced classical weight determining parameters, but also the additional pair (q, t) of
quantum deformation parameters entering in the definition of the scalar product. These
are shown to be generating functions for infinite parametric families of quantum weighted
Hurwitz numbers when expanded in the basis of products of power sum symmetric functions.
The combinatorial significance, in terms of quantum weighted paths in the Cayley graph, is
derived in Theorem 2.2, and the geometric one, in terms of quantum weighted enumeration
of branched covers, in Theorem 2.5. Section 3 is devoted to various examples obtained by
specialization of the parameters and taking limits. It is shown how all previously studied
cases of weighted Hurwitz numbers, whether classical or quantum, may be recovered within
this more general setting, and a number of new families are added, including those associated
to Hall-Littlewood and Jack polynomials.
2 2D Toda τ-functions, MacDonald polynomials and
quantum weighted Hurwitz numbers
2.1 The generating function for Macdonald polynomials
Following [21] (sec. VI. 2), we define a 2-parameter family of scalar products ( , )(q,t) on the
algebra Λ of symmetric functions in an infinite number of indeterminates x = (x1, x2, . . . ),
such that the power sum symmetric functions are orthogonal;
(pλ, pµ)(q,t) := zµ(q, t)δµ,ν (2.1)
where
pλ :=
ℓ(λ∏
i=1
pλi ∈ Λ, pj :=
∑
i
xji , j ∈ N (2.2)
are the power sum symmetric functions corresponding to the integer partition
λ = λ1 ≥ · · · ≥ λℓ(λ) (2.3)
of length ℓ(λ). The normalization factor zµ(q, t) is defined as
zµ(q, t) := zµnµ(q, t), zµ :=
µ∏
i=1
imi(µ)(mi(µ))!. (2.4)
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where mi(µ) is the number of parts of µ equal to i and
nµ(q, t) :=
ℓ(µ)∏
i=1
1− qµi
1− tµi
. (2.5)
The Macdonald polynomials {Pλ(x, q, t)} may be defined [21, Chapt. VI] as the unique
basis for Λ determined by two conditions: orthogonality with respect to the scalar product
( , )(q,t)
(Pλ, Pµ)(q,t) = 0 if λ 6= µ, (2.6)
and lower triangular normalized decomposition (with respect to the dominance partial or-
dering [21, Sec. I.1, pg. 7]) in the basis {mλ} of monomial symmetric functions
Pλ(x, q, t) = mλ +
∑
µ<λ
Kλµ(q, t)mµ(x). (2.7)
The generating function [21]
Π(x,y, q, t) :=
∏
ij
(txiyj; q)∞
(xiyj; q)∞
(2.8)
where
(u; q)∞ :=
∞∏
k=0
(1− uqk) (2.9)
is the (infinite) quantum Pochhammer symbol, has the following alternative expansions [21,
Sec. VI.2] in terms of products of symmetric functions in the pair of infinite sequences of
determinate x = (x1, x2, . . . ), y = (y1, y2, . . . ),
Π(x,y, q, t) =
∑
λ
bλ(q, t)Pλ(x, q, t)Pλ(y, q, t) (2.10)
=
∑
λ
gλ(x, q, t)mλ(y) (2.11)
=
∑
λ
mλ(x) gλ(y, q, t), (2.12)
where
bλ(q, t) := (Pλ, Pλ)
−1
(q,t) (2.13)
and
gλ(x, q, t) :=
ℓ(λ)∏
i=1
gλi(x, q, t), (2.14)
where
gj(x, q, t) := b(j)(q, t)P(j)(x, q, t) =
∑
µ, |µ|=j
zµ(q, t)
−1pµ(x). (2.15)
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The basis {gλ(x, q, t) provides the (q, t) analog of the elementary {eλ} and complete {hλ}
symmetric function basis [21], interpolating between them in the case of Hall polynomials
(q = 0).
2.2 Quantum weight generating function
We now proceed as in [10, 11] to define parametric families within the center Z(C[Sn])
of the group algebra C[Sn] by identifying the indeterminates (x1, x2, . . . ) with a given set
of constants (c1, c2, . . . ) and the (y1, y2, . . . ) with z times the commuting Jucys-Murphy
elements J := (J1, . . . ,Jn) of C[Sn] [5, 16, 22], defined as :
Jb :=
b−1∑
a=1
(a b), b = 1, . . . , n, n ∈ N+. (2.16)
We define the quantum weight generating function as
M(q, t, c, z) :=
∞∏
i=1
M(q, t, zci) =
∞∑
j=0
gj(c, q, t)z
j . (2.17)
where
M(q, t, z) :=
(tz; q)∞
(z; q)∞
=
∞∏
k=0
1− tzqk
1− zqk
. (2.18)
The Jucys-Murphy elements generate a commuting subalgebra of the group algebra
C[Sn], and any symmetric polynomial in them is in the center Z(C[Sn]), The resulting
central element Mn(q, t, c, zJ ) ∈ Z(C[Sn]) is
Mn(q, t, c, zJ ) :=
n∏
a=1
M(q, t, c, zJa) = Π(c, zJ , q, t) (2.19)
=
∑
λ
z|λ|gλ(c, q, t)mλ(J ) (2.20)
=
∑
λ
z|λ|mλ(c)gλ(J , q, t). (2.21)
2.3 Bases for Z(C[Sn]) and the eigenvalues of Mn(q, t, c, zJ )
Proceeding as in [10, 11, 15], we make use of two standard bases of Z(C[Sn]), both labelled
by partitions of n. The first consists of the cycle-type sums {Cµ}:
Cµ =
∑
h∈cyc(µ)
h, (2.22)
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where cyc(µ) ⊂ Sn denotes the conjugacy class consisting of elements whose cycle lengths
are equal to the parts µi of the partition µ.
The second consists of the orthogonal idempotents {Fλ}, corresponding to the irreducible
representations of Sn, labelled by partitions λ of weight |λ| = n. These are linearly related to
the cycle-type sums through the equivalent, under the characteristic map, of the Frobenius
character formula [6, 7]
Fλ = h
−1
λ
∑
µ, |µ|=|λ|
χλ(µ)Cµ, Cµ = z
−1
µ
∑
λ, λ|=|µ|
χλ(µ)hλFλ. (2.23)
Here χλ(µ) is the character of the irreducible representation of Young symmetry type λ,
evaluated on the class of cycle type µ, and
hλ := det
(
1
(λi − i+ j)!
)−1
(2.24)
is the product of the hook lengths of the Young diagram corresponding to the partition λ.
The elements Fλ satisfy the orthogonality relations
FλFµ = Fλ δλµ, (2.25)
which imply that all elements of Z(C[Sn]) act diagonally under multiplication in this base.
Eqs. (2.23) and (2.25) imply
CµFλ =
hλχλ(µ)
zµ
Fλ, (2.26)
which means that the eigenvalue of Cµ on the basis element Fλ is the central character
φλ(µ) :=
hλχλ(µ)
zµ
. (2.27)
It is a basic property [5, 16, 22] that the eigenvalues of any central element G(J ) ∈
Z(C[Sn]) formed from a symmetric function G ∈ Λ by identifying the indeterminates with
the Jucys-Mulrphy elements are given by evaluating G on the content {j − i}(i,j)∈λ of the
partition λ
G(J )Fλ = G({j − i})Fλ, (i, j) ∈ λ. (2.28)
In particular, if G(x) is formed from a product of the same expression in each of the inde-
terminates x = (x1, x2, . . . )
G(x) =
∏
i
g(xi), (2.29)
the eigenvalues of G(J ) are given by the content product formula
G(J )Fλ =
∏
(i,j)∈λ
g(j − i)Fλ. (2.30)
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It follows that the eigenvalues r
M(q,t,c,z)
λ ofMn(q, t, c, zJ ) are given by the content product
formula obtained from evaluation of the generating function M(q, t, c, z) at {z(j − i)}
Mn(q, t, c, zJ )Fλ = r
M(q,t,c,z)
λ Fλ, (2.31)
r
M(q,t,c,z)
λ =
∏
(i,j)∈λ
M(q, t, c, z(j − i)) =
∏
(i,j)∈λ
∞∏
k=1
(tz(j − i)ck; q)∞
(z(j − i)ck; q)∞
. (2.32)
More generally, for an arbitrary integer N ∈ Z, we define
r
M(q,t,c,z)
λ (N) := r
M(q,t,c,z)
0 (N)
∏
(i,j)∈λ
M(q, t, c, z(N + j − i)), (2.33)
where
r
M(q,t,c,z)
0 (N) :=
N−1∏
j=1
M(q, t, c, (N − j)z), r
M(q,t,c,z)
0 (0) := 1,
r
M(q,t,c,z)
0 (−N) :=
N∏
j=1
M−1(q, t, c, (j −N)z), N ≥ 1, (2.34)
and hence
r
M(q,t,c,z)
λ = r
M(q,t,c,z)
λ (0). (2.35)
2.4 The 2D Toda τ-function τM(q,t,c,z)(N, t, s) as generating function
for double quantum Hurwitz numbers F dM(q,t,c)(µ, ν), H
d
M(q,t,c)(µ, ν)
The general theory [14, 26, 28–30] implies that the following diagonal double Schur function
expansion
τM(q,t,c,z)(N, t, s) :=
∑
λ
r
M(q,t,c,z)
λ (N)sλ(t)sλ(s), (2.36)
defines a 2D Toda τ -function of hypergeometric type, where
t = (t1, t2, . . . ), s = (s1, s2, . . . ) (2.37)
are the 2D Toda flow variables, which may be identified in this notation in terms of the
power sums
ti =
pi
i
, si =
p′i
i
(2.38)
in two independent sets of variables.
We now apply the procedure developed in [11] for deriving both the geometrical and com-
binatorial versions of weighted Hurwitz numbers associated to a weight generating function
G(z). Recall that the pure Hurwitz numbers H(µ1), . . . µ(k)) may be viewed either as the
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number of n-sheeted branched coverings of the Riemann sphere having k branch points with
ramification profiles given by the partitions {µi)}i=1,...k of lengths |µ
(i)| = n, weighted by the
inverse of the order of the automorphism group or, equivalently, as the number of ways in
which the identity element in Sn can be expressed as a product of elements belonging to the
conjugacy classes {cyc(µi)}. A convenient way to express the latter is through the formula
H(µ(1), . . . , µ(k)) =
1
n!
[Id]
k∏
i=1
Cµ(i) , (2.39)
where [Id] means taking the component of the identity element within the cycle sum basis
{Cµ} of Z(C[Sn]) or, more generally,
k∏
i=1
Cµ(i) =
∑
ν, |ν|=|µ(i)|
H(µ(1), . . . , µ(k), ν) zνCν , (2.40)
which is equivalent to the Frobenius-Schur formula (see [18, Appendix A]) as shown in [11,
Sec. 5.2] )
H(µ(1), . . . , µ(k)) =
∑
λ
hk−2λ
k∏
i=1
χλ(µ
(i))
zµ(i)
, (2.41)
Following [11, 15], we now consider two notions of quantum weighted Hurwitz numbers
associated to the generating function (2.17): combinatorial and geometrical.
2.4.1 Combinatorial quantum weighted Hurwitz numbers [11]
Definition 2.1. Signature of paths [11]. For every d-step path in the Cayley graph of Sn
generated by transpositions, (a, b), a < b, starting at the conjugacy class cyc(ν) and ending
at the class cyc(µ), define its signature λ as the partition of weight |λ| = d whose parts are
equal to the number of times a particular second element b = 1, . . . , n appears amongst the
sequence of transpositions (a1b1) · · · (adbd) forming the path from an element h ∈ cyc(ν) to
(a1b1) · · · (adbd)h ∈ cyc(µ).
We recall the following Lemma from [11, Lemma 2.3]
Lemma 2.1. Multiplication by mλ(J ) defines an endomorphism of Z(C[Sn]) which, ex-
pressed in the {Cµ} basis, is given by
mλ(J )Cµ =
∑
ν, |ν|=|µ|
mλµν
zν
|ν|!
Cν , (2.42)
where
m˜λµν :=
|λ|!∏ℓ(|λ|
i=1 λi!
mλµν (2.43)
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is the total number of |λ|-step paths in the Cayley graph of Sn from cyc(ν) to cyc(µ) with
signature λ.
Combining this with (2.20) gives
Mn(q, t, c, zJ )Cµ =
∞∑
d=0
zd
∑
ν,|ν|=|µ|=n
F dM(q,t,c)(µ, ν)zνCν , (2.44)
where
F dM(q,t,c)(µ, ν) :=
1
|n|!
∑
λ, |λ|=d
gλ(c, q, t)m
λ
µν (2.45)
is the quantum weighted combinatorial Hurwitz number for such paths, and
M(q, t, c) := M(q, t, c, z)|z=1. (2.46)
(Note that, whereas the infinite product (2.17) defining the generating function M(q, t, c, z)
need not necessarily represent a convergent power series in z, if |q| < 1 and |ci| < 1 for all i,
these are i, in fact, convergent for all values of z.)
Combining this with the results of the previous section leads to our first main result: the
2D Toda τ -function defined in (2.36) for N = 0 is the generating function for the quantum
weighted combinatorial Hurwitz number (2.45).
Theorem 2.2. Expanding τM(q,t,c,z)(t, s) := τM(q,t,c)(0, t, s) in the basis consisting of prod-
ucts of power sum symmetric functions, the coefficients are the combinatorial quantum
Hurwitz numbers (2.45).
τM(q,t,c,z)(t, s) =
∞∑
d=0
∑
µ,ν
|µ|=|ν|
zdF dM(q,t,c)(µ, ν)pµ(t)pν(s) (2.47)
Proof. Combining (2.44) with (2.23), and using eq. (2.31), gives
∞∑
d=0
zd
∑
ν,|ν|=|µ|
F dM(q,t,c)(µ, ν)χλ(ν) =
χλ(µ)
zµ
r
M(q,t,c,z)
λ (N) (2.48)
Substituting the Frobenius character formula
sλ(t) =
∑
µ, |µ|=|λ|
z−1µ χλ(µ)pµ(t), sλ(s) =
∑
ν, |µ|=|λ|
z−1ν χλ(ν)pν(s), (2.49)
and (2.48) into (2.36), for N = 0, and using the orthogonally of characters, we obtain
(2.47).
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2.4.2 Enumerative geometrical quantum weighted Hurwitz numbers
We recall the two types of weighting factors appearing in the definition of quantum Hurwitz
numbers in ref. [11].
WE(q)(µ
(1), . . . , µ(k)) :=
1
|aut(λ)|
∑
σ∈Sk
∞∑
0≤i1<···<ik
qi1ℓ
∗(µ(σ(1))) · · · qikℓ
∗(µ(σ(k)))
=
1
|aut(λ)|
∑
σ∈Sk
q(k−1)ℓ
∗(µ(σ(1))) · · · qℓ
∗(µ(σ(k−1)))
(1− qℓ∗(µ(σ(1)))) · · · (1− qℓ∗(µ(σ(1))) · · · qℓ∗(µ(σ(k))))
,
(2.50)
WH(q)(ν
(1), . . . , ν(k˜)) :=
(−1)ℓ
∗(λ˜)
|aut(λ˜)|
∑
σ∈S
k˜
∞∑
0≤i1≤···≤ik˜
qi1ℓ
∗(ν(σ(1))) · · · qikℓ
∗(ν(σ(k˜)))
=
(−1)ℓ
∗(λ˜)
|aut(λ˜)|
∑
σ∈S
k˜
1
(1− qℓ∗(ν(σ(1)))) · · · (1− qℓ∗(ν(σ(1))) · · · qℓ∗(ν(σ(k˜))))
,
(2.51)
where λ is the partition with parts (ℓ∗(µ(1)), . . . , ℓ∗(µ(k))), λ˜ the one with parts (ℓ∗(ν(1)), . . . , ℓ∗(ν(k˜))),
and |aut(λ)| is the order of the automorphism group of λ :
|aut(λ)| =
ℓ(λ)∏
i=1
mi(λ)!. (2.52)
Denote the product of these
Wq(µ
(1), . . . , µ(k); ν(1), . . . , ν(k˜)) := WE(q)(µ
(1), . . . , µ(k))WH(q)(ν
(1), . . . , ν(k˜)). (2.53)
Recall also the definition of the Pochhammer symbol (u)λ associated with a partition λ
(u)λ :=
ℓ(µ)∏
i=1
λi∏
j=1
(u+ j − i) (2.54)
and the following Lemma (cf. [26]), which follows from the Frobenius character formula.
Lemma 2.3. The Pochhammer symbol may be expressed as
(u)λ = sλ(t(u))hλ =

1 + hλ ∑′
µ, |µ|=|λ|
χλ(µ)
zµ
u−ℓ
∗(µ)

 (2.55)
where
t(u) := (u,
u
2
,
u
3
, . . . ), (2.56)
and
∑′
µ,|µ|=|λ|) denotes the sum over all partitions other than the cycle type of the identity
element (1)|λ|.
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It is useful to know how any given symmetric combination of the Jucys-Murphy elements
may be represented in the basis of cycle-type sums (see e.g. [19]). The following result shows
how to do this for the symmetric functions gj(J , q, t).
Theorem 2.4.
gj(J , q, t) =
j∑
e=0
te
e, j−e∑
k, k˜=0
∑′
{µ(u),ν(v)}
1≤u≤k,1≤v≤k˜
|µ(u)|=|ν(v)|=n∑k
u=1 ℓ
∗(µ(u)=e∑k
u=1 ℓ
∗(µ(u))+
∑k˜
v=1 ℓ
∗(ν(v))=j
Wq(µ
(1), . . . , µ(k); ν(1), . . . , ν(k˜))
k∏
u=1
Cµ(u)
k˜∏
v=1
Cν(v) (2.57)
where, by (2.40),
k∏
u=1
Cµ(u)
k˜∏
v=1
Cν(v) =
∑
ν, |ν|=n
H(µ(1), . . . , µ(k), ν(1), . . . , ν(k˜), ν) zνCν (2.58)
Remark 2.1. Note that the sums appearing in (2.57) are all finite because of the fact that the
partitions corresponding to the identity class of Sn are excluded and the constraints
k∑
u=1
ℓ∗(µ(u) = e,
k∑
u=1
ℓ∗(µ(u)) +
k˜∑
v=1
ℓ∗(ν(v)) = j (2.59)
imply the number of partitions k + k˜ is finite.
Proof. We start with the expansion
n∏
a=1
∞∏
k=0
1− tzJaq
k
1− zJaqk
=
∞∑
j=0
gj(J , q, t)z
j (2.60)
Applying the LHS of (2.60) to Fλ and using (2.30) gives
n∏
a=1
∞∏
k=0
1− tzJaq
k
1− zJaqk
Fλ =
∏
(i,j)∈λ
∞∏
k=0
1− tz(j − i)qk
1− z(j − i)qk
Fλ =
∞∏
k=0
(− 1
tzqk
)λ
(− 1
zqk
)λ
Fλ (2.61)
=
∞∏
k=0
1 + hλ
∑′
µ, |µ|=|λ|
χλ(µ)
zµ
(−tzqk)ℓ
∗(µ)
1 + hλ
∑′
ν, |ν|=|λ|
χλ(ν)
zν
(−zqk)ℓ∗(ν)
Fλ, (2.62)
where Lemma 2.3 has been used in both the numerator and denominator of (2.62). From the
relation (2.26) and the fact that {Fλ} is a basis for the center Z(C[Sn]), eq. (2.62), together
with (2.60), is equivalent to the identity
∞∑
j=0
gj(J , q, t)z
j =
∞∏
k=0
1 +
∑
Cµ(−tzq
k)ℓ
∗(µ)
1 +
∑
Cν(−zqk)ℓ
∗(ν)
. (2.63)
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Expanding (2.63) as a power series in z and t, and summing the resulting geometric series
expansions in q, as detailed in [11], to obtain (2.50) and (2.51) gives the result (2.57).
Now let {{µi,ui}ui=1,...,ki, {ν
i,vi}vi=1,...,k˜i, µ, ν}i=1,...,l denote the branching profiles of an
n-sheeted covering of the Riemann sphere with two specified branch points of ramifica-
tion profile types (µ, ν), at (0,∞), and the rest divided into two classes I and II, denoted
{µ(i,ui)}ui=1,...,ki and {ν
(i,vi)}vi=1,...,k˜i, respectively. These are further subdivided into l species,
or “colours”, labelled by i = 1, . . . l, the elements within each colour group distinguished by
the labels (ui = 1, . . . , ki) and (vi = 1, . . . , k˜i). To such a grouping, we assign a partition λ
of length
ℓ(λ) = l (2.64)
and weight
d := |λ| =
l∑
i=1

 ki∑
ui=1
ℓ∗(µ(i,ui)) +
k˜i∑
vi=1
ℓ∗(ν(i,vi))

 =
l∑
i=1
di, (2.65)
whose parts (λ1 ≥ · · · ≥ λl > 0) are equal the total colengths
di :=
ki∑
ui=1
ℓ∗(µ(i,ui)) +
k˜i∑
vi=1
ℓ∗(ν(i,vi)), i = 1. . . . , l (2.66)
in weakly decreasing order. By the Riemann-Hurwitz formula, the genus g of the covering
curve is given by
2− 2g = ℓ(µ) + ℓ(ν)− d. (2.67)
We now assign a weight Wq({µ
(i,ui), ν(i,vi)}, c) to each such covering, consisting of the
product of all the weights WE(q)({µ
(i,ui)}ui=1,...,ki), WH(q)({ν
(i,vi)}vi=1,..., k˜i) for the subsets of
different colour and class and the weight mλ(c) given by the monomial symmetric functions
evaluated at the parameters c
Wq({µ
(i,ui), ν(i,vi)}, c) := Wq({µ
(i,ui), ν(i,vi)})mλ(c) (2.68)
Wq({µ
(i,ui), ν(i,vi)}) :=
l∏
i=1
WE(q)({µ
(i,ui)}ui=1,..., ki)WH(q)({ν
(i,vi)}i=1,..., k˜i) (2.69)
Using these weights, for every pair (d, e) of non-negative integers and (µ, ν) of partitions
of n, we define the geometrical quantum weighted Hurwitz numbers H
(d,e)
(c,q)(µ, ν) as the sum
H
(d,e)
(c,q)(µ, ν) := zν
d∑
l=0
∑′
{µ(i,ui),ν(i,vi)}, ki≥1, k˜i≥1∑l
i=1
∑ki
ui=1
ℓ∗(µ(i,ui))=e,
∑l
i=1
(∑ki
ui=1
ℓ∗(µ(i,ui))+
∑k˜i
vi=1
ℓ∗(ν(i,vi))
)
=d
Wq({µ
(i,ui), ν(i,vi)}, c)H({µ(i,ui)}ui=1,...,ki
i=1,...,l
, {ν(i,vi)}vi=1,...,k˜i
i=1,...,l
, µ, ν).
(2.70)
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Theorem 2.5. The combinatorial Hurwitz numbers F dM(q,t,c)(µ, ν) are polynomials in t of
degree d whose coefficients are equal to the geometrical quantum weighted Hurwitz numbers
H
(d,e)
(c,q)(µ, ν)
F dM(q,t,c)(µ, ν) =
d∑
e=0
H
(d,e)
(c,q)(µ, ν)t
e. (2.71)
Hence τM(q,t,c,z)(t, s), when expanded in the basis of products of power sum symmetric
functions and power series in z and t is the generating function for the H
(d,e)
(c,q) (µ, ν)’s:
τM(q,t,c,z)(t, s) =
∞∑
d=0
d∑
e=0
zdteH
(d,e)
(c,q)(µ, ν)pµ(t)pν(s). (2.72)
Proof. Substitution of (2.57) into
gλ(J , q, t) =
ℓ(λ)∏
i=1
gλi(J , q, t) (2.73)
gives
gλ(J , q, t) =
|λ|∑
e=0
te
∑′
{µ(i,ui),ν(i,vi)}∑ℓ(λ)
i=1
∑ki
ui=1
ℓ∗(µ(i,ui))=e,
∑ki
ui=1
ℓ∗(µ(i,ui))+
∑k˜i
vi=1
ℓ∗(ν(i,vi))=λi
Wq({µ
(i,ui), ν(i,vi)})
ℓ(λ)∏
i=1

 ki∏
ui=1
Cµ(i,ui)
k˜i∏
vi=1
Cν(i,vi)

 (2.74)
Combining this with (2.21) gives
Mn(q, t, c, zJ )Cµ =
∞∑
d=0
d∑
e=0
zdte
∑
ν
|ν|=|µ|=n
H
(d,e)
(c,q)(µ, ν)Cν , (2.75)
where H
(d,e)
(c,q)(µ, ν) is defined by (2.70). Comparing with (2.44) gives the result (2.71), and
hence (2.72).
3 Specializations, limits and examples
By making specific choices for the parameters {(c1, c2, . . . ), q, t} defining the weight gen-
erating function M(q, t, c, z), specialized versions of the above quantum weighted Hurwitz
numbers result. Taking the limits (z, t) → (0,∞), with tz fixed gives the quantum defor-
mation of the path weighting by elementary symmetric functions considered in [11]. The
limit t→ 0 gives the dual case, weighted by the quantum deformation of the path weighting
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by complete symmetric functions. Other specializations involving only particular values for
the pair (q, t) or their limits reduce the Macdonald polynomials either to Schur polynomials
(q = t), or Hall-Littlewood polynomials (q = 0) or Jack polynomials (q = tα, t→ 1). In this
way we can recover all previously studied versions of weighted Hurwitz numbers, as well as
several new examples of interest.
3.1 Classically weighted Hurwitz numbers (q = t)
By setting t = q in (2.19) we recover the case of Schur functions and the general classically
weighted families of Hurwitz numbers studied in [11].
3.2 The case ci = −δi,1 (quantum monotonic paths)
This gives the quantum deformation of the classical case (corresponding to q = 0) when the
weight generating function is 1+w
1−z
, with w = −tz. If w = 0, the latter becomes the signed
counting problem for branched covers with fixed genus or, equivalently, weakly monotonic
paths in the Cayley graph generated by transpositions [10, 11]. When z = 0 it gives the
Hurwitz numbers for Belyi curves (having three branch points, with two of them fixed) of
fixed genus or, equivalently, strongly monotonic paths in the Cayley graph generated by
transpositions [10, 11]. When q 6= 0, t = 1, this is the particular case of the multispecies
quantum Hurwitz numbers F dQ(q,q)(µ, ν) = H
d
Q(q,q)(µ, ν) developed in detail in [11], when
there are only two species involved, one of the first class, the other, of second.
3.3 Elementary quantum weighting ((z, t)→ (0,∞), −tz fixed (→ z)
For this case, the weight generating function is
E(q, c, z) :=
∞∏
k=0
∞∏
i=1
(1 + zqkci) =
∞∏
i=1
(−zci; q)∞ =:
∞∑
j=0
ej(q, c)z
j , (3.1)
where ej(q, c) is the quantum deformation of the elementary symmetric function ej(c) (the
classical limit being q → 0). Setting ci = δi1 reproduces the generating function functions
for the special quantum weighted Hurwitz numbers denoted HdE(q)(µ, ν) = F
d
E(q)(µ, ν) that
were studied in [11].
In the general case, the corresponding element of the center of the group algebra is:
En(q, c, zJ ) :=
n∏
a=1
E(q, c, zJa) =
∑
λ
z|λ|eλ(q, c)mλ(J ) =
∑
λ
z|λ|mλ(J )eλ(q, c) (3.2)
where
eλ(q, c) :=
ℓ(λ)∏
i=1
eλi(q, c). (3.3)
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Applying En(q, c, zJ ) ∈ Z(C[Sn]) to the orthogonal idempotents {Fλ} and the cycle-type
sums {Cµ}, it follows that the corresponding hypergeometric 2D Toda τ -function is
τE(q,c,z)(t, s) =
∑
λ
r
E(q,c,z)
λ sλ(t)sλ(s) (3.4)
=
∞∑
d=0
zd
∑
λ
F dE(q,c)(µ, ν)pµ(t)pν(s), (3.5)
where the content product coefficient r
E(q,c,z)
λ is
r
E(q,c,z)
λ :=
∏
(ij)∈λ
∞∏
k=0
(−z(j − i)ck; q)∞ (3.6)
and
F dE(q,c)(µ, ν) :=
∑
|λ|=d
eλ(q, c)m
λ
µν (3.7)
is the weighted number of paths in the Cayley graph of Sn generated by transpositions,
starting at the conjugacy class cyc(µ) and ending at cyc(ν), with the weight eλ(q, c) for a
path of signature λ.
Now consider n-fold branched coverings of CP1 with a fixed pair of branch points at
(0,∞) with ramification profiles (µ, ν) and a further
∑l
i=1 ki branch points {µ
(i,ui)}ui=1,..., ki
of l different species (or “colours”), labelled by i = 1, . . . , l, with non trivial ramification
profiles. The weight WEl(q)({µ
(i,ui)}ui=1,...,ki
i=1,...,l
, c) for such a covering consists of the product
of all the weights WE(q)({µ
(i,ui)}ui=1,...,ki), for the subsets of different colour with the weight
mλ(c) given by the monomial symmetric functions evaluated at the parameters c
WEl(q)({µ
(i,ui)}ui=1,...,ki
i=1,...,l
, c) :=WEl(q)({µ
(i,ui)}ui=1,...,ki
i=1,...,l
)mλ(c) (3.8)
WEl(q)({µ
(i,ui)}ui=1,...,ki
i=1,...,l
) :=
l∏
i=1
WE(q)({µ
(i,ui)}ui=1,..., ki). (3.9)
We then have
F dE(q,c)(µ, ν) = H
d
E(q,c)(µ, ν), (3.10)
where
HdE(c,q)(µ, ν) := zν
d∑
l=0
∑′
{µ(i,ui)}, ki≥1,∑l
i=1
∑ki
ui=1
ℓ∗(µ(i,ui))=d
WEl(q)({µ
(i,ui)}ui=1,...,ki
i=1,...,l
, c) H({µ(i,ui)}ui=1,...,ki
i=1,...,l
, µ, ν)
(3.11)
is the geometrical elementary quantum weighted Hurwitz number.
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3.4 Complete quantum weighting (t = 0)
This is the dual of the preceding case, with weight generating function
H(q, c, z) :=
∞∏
k=0
∞∏
i=1
(1− zqkci)
−1 =
∞∏
i=1
(zci; q)
−1
∞ =:
∞∑
j=0
hj(q, c)z
j , (3.12)
where hj(q, c) is the quantum deformation of the complete symmetric function hj(c). Setting
ci = δi1 reproduces the generating function functions for the quantum weighted Hurwitz
numbers HdH(q)(µ, ν) = F
d
H(q)(µ, ν) studied in [11]. The corresponding element of the center
of the group algebra in the general case is:
Hn(q, c, zJ ) :=
n∏
a=1
H(q, c,Ja) =
∑
λ
z|λ|hλ(q, c)mλ(J ) =
∑
λ
z|λ|mλ(c)hλ(q,J ), (3.13)
where
hλ(q, c) :=
ℓ(λ)∏
i=1
hλi(q, c). (3.14)
The hypergeometric 2D Toda τ -function for this case is
τH(q,c,z)(t, s) =
∑
λ
r
H(q,c,z)
λ sλ(t)sλ(s) (3.15)
=
∞∑
d=0
zd
∑
λ
F dH(q,c)(µ, ν)pµ(t)pν(s), (3.16)
where
r
H(q,c,z)
λ :=
∏
(ij)∈λ
∞∏
k=0
(z(j − i)ck; q)
−1
∞ (3.17)
and
F dH(q,c)(µ, ν) :=
∑
|λ|=d
hλ(q, c)m
λ
µν (3.18)
is the weighted number of paths in the Cayley graph of Sn generated by transpositions,
starting at the conjugacy class cyc(µ) and ending at cyc(ν), with weight hλ(q, c) for a path
of signature λ.
Consider again n-fold branched coverings of CP1, with a fixed pair of branch points at
(0,∞) with ramification profiles (µ, ν) and a further
∑l
i=1 k˜i branch points {ν
(i,vi)}vi=1,..., k˜i
again, of l different species (or “colours”), labelled by i = 1, . . . , l, with nontrivial ramification
profiles. Like in the preceding case, the weight WHl(q)({ν
(i,vi)}vi=1,...,k˜i
i=1,...,l
, c) for such a covering
consists now of the product of all weights WH(q)({ν
(i,vi)}vi=1,...,k˜i), for the subsets of different
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colour with the weight mλ(c) again given by the monomial symmetric functions evaluated
at the parameters c
WHl(q)({ν
(i,vi)}vi=1,...,k˜i
i=1,...,l
, c) :=WHl(q)({ν
(i,vi)}vi=1,...,k˜i
i=1,...,l
)mλ(c) (3.19)
WHl(q)({ν
(i,vi)}vi=1,...,k˜i
i=1,...,l
) :=
l∏
i=1
WH(q)({ν
(i,vi)}vi=1,..., k˜i). (3.20)
We again have the equality
F dH(q,c)(µ, ν) = H
d
H(q,c)(µ, ν), (3.21)
where
HdH(c,q)(µ, ν) := zν
d∑
l=0
∑′
{ν(i,vi)}, k˜i≥1,∑l
i=1
∑k˜i
vi=1
ℓ∗(ν(i,vi))=d
WHl(q)({ν
(i,vi)}vi=1,...,k˜i
i=1,...,l
, c) H({ν(i,vi)}vi=1,...,k˜i
i=1,...,l
, µ, ν)
(3.22)
is the corresponding geometrically defined complete quantum weighted Hurwitz number.
3.5 Hall-Littlewood polynomials (q = 0)
Setting q = 0 in eq. (2.8), the generating function reduces to the one for Hall-Littlewood
polynomials [21, Sec. III.2] Pλ(x, t), which satisfy the orthogonality relations
(Pλ, Pµ)t = δλµ(bλ(t))
−1, bλ(t) :=
∏
i≥1
mi(λ)∏
k=1
(1− tk) (3.23)
with respect to the scalar product ( , )t defined by
(pλ, pµ)t = δλµzλnλ(t), nλ :=
ℓ(λ)∏
i=1
1
1− tλi
. (3.24)
Following [21], we define
qλ(x, t) := bλ(t)
ℓ(λ)∏
i=1
Pj(x, t) (3.25)
and obtain the following expansion
L(t,x,y) :=
∞∏
i,j
1− txiyj
1− xiyj
=
∞∑
λ
qλ(x, t)mλ(y) =
∞∑
λ
qλ(y, t)mλ(x). (3.26)
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Substituting c = (c1, c2, . . . ) for x, and (J1, . . . ,Jn) for y, we have
L(t, c, zJ ) :=
∞∏
i=1
n∏
a=1
1− tcizJa
1− cizJa
=
∞∑
λ
z|λ|qλ(c, t)mλ(J ) =
∞∑
λ
z|λ|qλ(J , t)mλ(c). (3.27)
Applying L(t, c, zJ ),∈ Z(C[Sn]) to the orthogonal idempotents {Fλ} and the cycle-type
sums {Cµ} as above, the corresponding hypergeometric 2D Toda τ -function becomes
τL(t,c,z)(t, s) =
∑
λ
r
L(t,c,z)
λ sλ(t)sλ(s) (3.28)
=
∞∑
d=0
zd
∑
λ
F dL(t,c)(µ, ν)pµ(t)pν(s) (3.29)
(3.30)
where
r
L(t,c,z)
λ :=
∏
(ij)∈λ
∞∏
k=1
1− tz(j − i)ck
1− z(j − i)ck
=
∞∏
k=1
(−t)|λ|
(−1/(tzck))λ
(−1/(zck))λ
(3.31)
and
F dL(t,c)(µ, ν) :=
∑
|λ|=d
qλ(c, t)m
λ
µν (3.32)
is again the weighted number of paths in the Cayley graph of Sn generated by transpositions,
with weight qλ(c, t) for a path of signature λ.
We also have
F dL(t,c)(µ, ν) =
d∑
e=0
H
(d,e)
L(c) (µ, ν)t
e (3.33)
where
H
(d,e)
L(c) (µ, ν) := zν
d∑
l=0
∑′
{µ(i,ui),ν(i,vi)}, ki≥1, k˜i≥1∑l
i=1
∑ki
ui=1
ℓ∗(µ(i,ui))=e,
∑l
i=1
(∑ki
ui=1
ℓ∗(µ(i,ui))+
∑k˜i
vi=1
ℓ∗(ν(i,vi))
)
=d
(−1)K+d−eH({µ(i,ui)}ui=1,...,ki
i=1,...,l
, {ν(i,vi)}vi=1,...,k˜i
i=1,...,l
, µ, ν),
(3.34)
with
K :=
l∑
i=1
(ki + k˜i) (3.35)
the total number of branch points. H
(d,e)
c (µ, ν) is the weighted generalization of the multi-
species hybrid signed Hurwitz numbers studied in [15]. As in the general Macdonald case,
H
(d,e)
L(c) (µ, ν) is the weighted number of n-fold branched coverings of CP
1 with a fixed pair of
18
branch points with ramification profiles (µ, ν), and K additional branch points divided into
two classes I and II, denoted {µ(i,ui)}ui=1,...,ki and {ν
(i,vi)}vi=1,...,k˜i, respectively, which are
further subdivided into l species, or “colours”, labelled by i = 1, . . . l, the elements within
each colour group distinguished by the labels (ui = 1, . . . , ki) and (vi = 1, . . . , k˜i). To such
a grouping, we again assign a partition λ of length
ℓ(λ) = l (3.36)
and weight
d := |λ| =
l∑
i=1

 ki∑
ui=1
ℓ∗(µ(i,ui)) +
k˜i∑
vi=1
ℓ∗(ν(i,vi))

 =
l∑
i=1
di, (3.37)
whose parts (λ1 ≥ · · · ≥ λl > 0) are equal the total colengths
di :=
ki∑
ui=1
ℓ∗(µ(i,ui)) +
k˜i∑
vi=1
ℓ∗(ν(i,vi)), i = 1. . . . , l (3.38)
in weakly decreasing order.
3.6 Jack polynomials (q = tα, t→ 1)
Setting q = tα and taking the limit q → 1, we obtain the Jack polynomials [21, Sec. VI.10]
P
(α)
λ as the limiting case of the MacDonald polynomials. These satisfy the orthogonality
relations
〈P αλ , P
α
µ 〉α = δλµzλ(b
(α)
λ )
−1, b
(α)
λ :=
ℓ(λ)∏
i=1
λi∏
j=1
α(λi − j) + λ
′
j − i+ 1
α(λi − j) + λj − i+ α
(3.39)
with respect to the scalar product 〈 , 〉α defined by
〈pλ, pµ〉α = δλµzλα
ℓ(λ). (3.40)
This corresponds to the family of weight generating functions
J(α, c, z) :=
∞∏
k=1
(1− zci)
−1/α (3.41)
and the corresponding family of central elements
J(α, c, zJ ) :=
∞∏
i=1
n∏
a=1
(1− zciJa)
−1/α =
∑
λ
z|λ|gαλ (J )mλ(c) =
∑
λ
z|λ|gαλ (c)mλ(J ), (3.42)
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where the symmetric functions gαλ (x) are the analogs of the eλ(x) or hλ(x) bases formed
from products of elementary or complete symmetric functions in the case of Schur functions
(α = 1),
gαλ (x) = α
ℓ(λ)
ℓ(λ∏
i=1
P
(α)
(λi)
(x), (3.43)
The content product coefficients entering in the double Schur function expansion of the
associated hypergeometric 2D Toda τ -functions
τJ(α,c,z)(t, s) =
∑
λ
r
J(α,c,z)
λ sλ(t)sλ(s) (3.44)
in this case are
r
J(α,c,z)
λ =
∏
(ij)∈λ
∞∏
k=0
(1− z(j − i)ck)
−1/α =
∞∏
k=1
(1− zck)
|λ|
α (−1/zck)
−1/α
λ . (3.45)
The expansion in the basis of products of power sum symmetric functions is therefore
τJ(α,c,z)(t, s) =
∞∑
d=0
∑
µ,ν
|µ|=|ν|=n
zdF dJ(α,c)(µ, ν)pµ(t)pν(s) (3.46)
where
F dJ(α,c)(µ, ν) =
∑
λ
gαλ (c)m
λ
µν (3.47)
is the combinatorial Hurwitz number giving the weighted number of d-step paths of signature
λ in the Cayley graph of Sn , starting in the conjugacy class cyc(µ) and ending in cyc(ν),
with weight g
α)
λ (c).
We again have
F dJ(α,c)(µ, ν) = H
d
J(α,c)(µ, ν), (3.48)
where the weighted geometrical Hurwitz number is
HdJ(α,c)(µ, ν) :=
∞∑
k=0
(
− 1
α
k
) ∑
µ(1),...,µ((k)
|µ(i)|=n∑k
i=1 ℓ
∗(µ(i))=d
mλ(c)H(µ
(1), . . . , µ(k), µ, ν), (3.49)
with the sum over partitions λ of length k, and weight d whose parts are {ℓ∗(µ(1)), . . . , ℓ∗(µ(k))}.
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